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Abstract. Rough sets was proposed to deal with the vagueness and incomplete- 
ness of knowledge in information systems. Representable matroid over field is 
an important branch of matroid theory. In this paper, we use one matrix ap- 
proach, namely, null space, to study rough sets through representable matroids 
over a field. First, we introduce an approach to obtain a matroid from an equiva- 
lence relation and we find that it is representable over a field. Second, we use the 
null space of a corresponding representation for a representable matroid to study 
rough sets over a filed. It is interesting to find that the set of circuits of the ma- 
troid has closely relation to the null space of a corresponding representation for 
the matroid over a field. Third, we study how to induce an equivalence relation 
from the null space of a matrix over binary field. We find that there is an one-to- 
one corresponding between the equivalence relations and the minimal null spaces 
of the matrices defined in the paper. In a word, this work indicates that we can 
study rough sets from the viewpoint of matrix. 

Keywords.Rough sets, Representable matroid, Representation, Null space. 



Introduction 

The vagueness and incompleteness of knowledge are commom phenomenons in 
information systems. Rough set theory [22|, based on equivalence relations, was pro- 
posed by Pawlak in hybrid approaches to improve the performance of data analysis 
tools. This technique has led to many practical applications in various areas such as at- 
tribute reduction M3I10I13I20I28I . feature serection M4l7ll 11231 . rule extraction llll6l8l24l 
and so on. Matroid theory has been promoted further to study rough set theory and its 
applications (9). 

Matroids [14 21 1 develops mainly out of a deep examination of the properties of 
independence and dimension in vector spaces. There are two ways to present the ma- 
troids, namely, vector matroid and representable matroid. In fact, a representable ma- 
troid is equivalence to a vector matroid, although it may be presented differently. A 
basic problem in matroid theory is to characterize the matroids that may be represented 
over field. It determines whether we can study rough sets by a new viewpoint, namely, 
matrix one, or not. In recent years, there are many fruitful achievements about the con- 
nection between these two theories 1 2 15 25 26 29] . 

Matrix as an approach to study rough sets exists in many papers II 1 21 1 61 1 71 1 81 - It 
also has numerous applications both in mathematics and other sciences, for example, 
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text mining and automated thesaurus compilation makes use of document-term matri- 
ces such as term frequency inverse document frequency to track frequencies of certain 
words in several documents. In addition to this, null space is one of the applications of 
matroid which exists in many areas such as numerical analysis, matrix decomposition 
and so on. 

In this paper, we use null space approach to study rough sets through representable 
matroids over a field, especially, binary field. First, an approach to induce a matroid is 
introduced from the viewpoint of circuit and we find that the matroid is representable 
over a filed. Second, by the representable matroid, we use one matrix approach, namely, 
null space, to study rough sets over a filed. It is interesting to find that the set of circuits 
of the representable matroid is equal to the minimal null space of a representation for 
the matroid over a field. Especially, over binary field, many interesting results of the 
matroid induced by an equivalence relation are established by the null space of the rep- 
resentation for the matroid. Third, we study that how to induce an equivalence relation 
from the null space of a matrix, and we find that there is an one-to-one correspondence 
between the equivalence relations and the minimal null spaces of the matrices defined 
in the paper. Moreover, there also has an one-to-one correspondence between 2-circuit 
matroids and the minimal null spaces of the matrices. In a word, this work indicates one 
interesting view, namely, matrix one, to study rough sets through representable matroids 
over a field. 

The rest of this paper is arranged as follows. Section [previews some fundamental 
concepts related to rough sets, matroids and linear algebra. In section 12 we study the 
matroidal structure to rough sets through matrix over a field. Section[3]uses matrix null 
space approach to study rough sets through a representation for a representable matroid 
over a field. In section [4] we construct a rough set structure from the matrix null space 
over binary field. In section|5] we conclude this paper. 

1 Basic definitions 

In this section, we present some fundamental concepts about rough sets, matroids 
and linear algebra. First of all, we review the basic concepts of rough sets. 

1.1 Rough sets 

In Pawlak's rough set theory, the lower and upper approximation operations are two 
key concepts. An equivalence relation, that is, a partition, is the simplest formulation 
of the lower and upper approximation operations. So we first introduce the concept of 
partition. 

Definition 1. (Partition) Let U be a universe of discourse, V a family of non-empty 
subsets of U. If any two subsets in V are disjoint and (J V = U, then V is called a 
partition of U. 

Let U be a finite set and R be an equivalence relation on U. R will generate a 
partition U/R = {Pi, P2, • • ■ , P s } on U, where Px,P<2, ■ ■ ■ , P s are the equivalence 
classes generated by R. VX C U, the lower and upper approximations of X, are, 



respectively, defined as follows: 

R*(X) = \J{P i £U/R:P i CX}, 
R*(X) = \J{Pi GU/R:PiC\X^ 0}. 



1.2 Linear algebra 

In this subsection, we introduce some basic concepts of linear algebras which will 
be used in this paper. First, we introduce the concept of a filed. 

Definition 2. ( Field) l[27]l A field is defined as a set together with two operations, usu- 
ally called addition and multiplication, and denoted by + and ; respectively, such that 
the following axioms hold ( subtraction and division are defined implicitly in terms of 
the inverse operations of addition and multiplication): 

(1) : For alla,b <E F, a + b G F and a - b G F. 

(2) : For all a, 6, c € F, a + (b + c) = (a + b) + c and [a ■ b) • c = a • (b • c). 

(3) : For all a,b 6 F, a + b = b + a and a ■ b — b ■ a. 

(4) : There exists an element of F, called the additive identity element and denoted by 0, 
such that for all a G F, a + = a. Likewise, there is an element, called the multiplica- 
tive identity element and denoted by 1, such that for all a € F ', a ■ 1 = a. 

(5) : For every aGF, there exists an element —a 6 F such that a+ (— a) = 0. Similarly, 
for any a £ F other than 0, there exists an element a -1 € F such that a ■ a -1 = 1. 

(6) For all a, 6, c 6 F, the following equalities holds: a • (b + c) = (a • b) + (a • c) awe/ 
(6 + c) • a = (6 • a) + (c ■ a). 

Afield is therefore an algebraic structure < F, +, •, — ,0,1 >. 

Generally, for a field F and positive integer n, V(n, F) denotes the n— dimensional 
vector space over F. Any element of V(n, F) is denoted as v = (ui, «2, • • • , v n ) T 
where u,; 6 F (1 < i < n). The operations on V(n, F) are established as follows. 

For all v = (v\, v 2 , ■■■ , v n ) T 6 V(n, F) and v = (v 1: v 2 , • • • , w„) T € V^n, i^) and 
k e F, kv = (kvi,kv 2 , ■ ■ ■ , kv n ) T and v + v = {v\ + v lt i»2 + v 2 , • ■ ■ , v n + v n ) T . 

Definition 3. Let F be a filed and A an m x n matrix over F. The null space of 
an m x n matrix A, written as J\f{A), is the set of all solutions to the homogeneous 
equation Ax = 0. In set notion, Af(A) = {x G V(n, F) : Ax. = 0}. 

vi, V2, • • • ,v„ 6 V(n, F) are said to be linear independent over F if there exists 
xi , X2, ■ ■ ■ , x n € F such that the vector equation xivi + 3^2 + • • • + x n v n = has 
only the trivial solution. Vi , V2, • • • , v„ is said to be linearly dependent over F if there 
exist C\, C2, • • ■ ,c p £ F, not all zero, such that ciVi + c 2 v 2 + • ■ ■ + c„v„ = 0. The 
rank of matrix A over F is the maximum number of linearly independent columns in A 
and the maximum number of linearly independent columns in A T (rows in A), and we 
denote it as rp{A). 

1.3 Matroids 

Matroid theory borrows extensively from the terminology of linear algebra and 
graph theory, largely because it is the abstraction of various notions of central impor- 
tance in these fields, such as independent set, base, rank function. 



Definition 4. (Matroid) M4\211 A matroid is an ordered pair (U,X) consisting of a 
finite set U and a collection X of subsets ofU satisfying the following three conditions: 

(11) G X; 

(12) If I G X and I C I, then I G X; 

(13) If I\,I 2 G X and < \I 2 \, then there is an element e £ I 2 - h such that 
Ii\J e £ X, where \X\ denotes the cardinality of X. 

Let M(E,X) be a matroid. The members of X are the independent sets of M. A 
set in X is maximal, in the sense of inclusion, is called a base of the matroid M. If 
A £ I, A is called dependent set. In the sense of inclusion, a minimal dependent subset 
of U is called a circuit of the matroid M. The rank function of a matroid is a function 
r M :2 E ^N defined by r M (X) = max{\I\ : I C X, I € 1} (X C E). 

Definition 5. ( Circuit axiom) HI 412 IV Let C be a family ofU. There exists a matroid M 

such that C = C(M) if and only ifC satisfies the following conditions: 

(Cl)ieC; 

(C2) d,C 2 e C, ifCi C C 2 , then Ci = C 2 ; 

(C3) C±, C 2 £ C, if C\ ^ C 2 and x G C\ f] C% then there exists C3 G C such that 
C 3 CC 1 \JC 2 -{x}. 

The following type of matroidal structure is a generalization of linear algebra. 

Definition 6. (Vector matroid) [14.21] Let U be the set of column labels of an m x n 
matrix A over afield F, and let X be the set of subsets X of U for which the columns 
labeled by X is linearly independent in the vector space V(m, F). Then (E,X) is a 
matroid. It called the vector matroid of A, which denoted by Mp[A\. 

Example 1. Let A be a matrix over the field R. 

1 2 3 4 5 
[1 1 0" 

[00111 

Thent/ = {1,2,3,4,5} and I = {0, {1}, {2}, {3}, {4}, {5}, {1, 3}, {1, 4}, {1, 5}, 
{2, 3}, {2, 4}, {2, 5}} and C = {{1, 2}, {3, 4}, {3, 5}, {4, 5}}. 

Representable matroid is equivalence to a vector matroid, although it may be pre- 
sented differently. The definition is presented as follows. 

Definition 7. (Representable matroid)[14, 21 / Let M be a matroid and F be afield. M 
is said to be representable over F or F~ representable, if there exists afield F and a 
matrix A over F such that M — Mp[A\. A is called a representation for M over F or 
an F —represention for M. 

It is natural for us to connect two matroidal structures with each other, and the 
isomorphism is an efficient tool to solve this problem. 

Definition8. (Isomorphism) SJ^B Let Mi = M(E7i,2i) and M 2 = M(U 2 ,X 2 ) be 
two matroids. M\ and M 2 are isomorphic, denoted as Mi = M 2 , if there is a bijection 
ip : Ui — > C/2 such that I G X\ if and only ifip{I) G X 2 . 



For convenience, we introduce some symbols. 

Definition 9. [14.21 J Let A be a family ofU. One can denote 
Low(A) = {X CU :3AeA such that A C X}; 
Min(A) = {X C U : MA e .A, i/ F C X, then X = F}. 

2 Matroidal structure of rough sets through matrix over a field 

In this section, we study the matroidal structure of rough sets though matrix ap- 
proach over a filed. First of all, an approach to induce a matroid by an equivalence 
relation is provided. 

Proposition 1. [26 J Let R be an equivalence relation on U and U / R = {Pi , P2, ■ ■ ■ , P s }. 



satisfies circuit axiom (CI) , (C2) and (C3). There exists a matroid M such thatC(M) = 
C(R), and we denote this matroid as M{R). 

Wang et al. also define a special type of matroid, namely, 2-circuit matroid as fol- 
lows. 

Proposition 2. (2-circuit matroid)[26] Let M = (U,X) be a matroid, M is called a 
2— circuit matroid if \C\ — 2 for all C G C(M). 

They point out that the equivalence relations and the 2— circuit matroids are al- 
gebraic system isomorphic in ll26l . That provides a sound theoretical foundation for 
equivalently investigating rough sets with the matroids. Proposition [Uproposes an ap- 
proach to induce a matroid from the viewpoint of set theory. Over a field, can we obtain 
a matroidal structure of rough sets through a matrix? To solve this problem, we define 
a matrix from an equivalence relation firstly. 

Definition 10. 4721/ Let R be an equivalence relation on U — {x\, X2, • ■ • , x n } and 

U /R = {Pi, P2, ■ • • , P s }. We denote a matrix B(R) = (bij) sxn as follows: 



B(R) is called a matrix representation of R. 

Remark 1. Any column of B(R) has only one non-zero element and it dose not contain 
zero row and zero column vectors. 

For a filed F, we denote 1 and as the multiplicative and additive identity ele- 
ments of the field F, respectively. Thus B(R) is the matrix over F. Interchanging two 
columns of B(R) but does not interchange the labels of them, we obtain a new matrix 
B (R). The Mp[B(R)] and Mp[B (R)] are isomorphic, which is an important result 
in matroid theory. Moreover, if we interchange the two columns of B(R) and also in- 
terchange the labels of the them, then we obtain a new matrix B (R). The Mp[B(R)] 
and Mp[B (R)] generate the same matroid. In other word, a P-representable matroid 
may not have unique P-representation. 



C(R) = {{x, y} C U\{x, y} C P it Vi E {1, 2, • • • , s}} 




(1) 



Example 2. Suppose R is an equivalence relation on U = {1, 2, 3, 4, 5} and U/R = 
{{1,3}, {2, 4, 5}} and B(R) is a matrix representation of i? and M the vector matroid 
of B(R) over F. Then 

1 2 3 4 5 
'1 1 0" 
10 11 



B(R) 



Interchanging the 2th column and the 3th column, we obtain 



B(R) = 



1 2 3 4 5 
110 
111 



Interchanging the 2th column and the 3th column and the labels of them are also inter- 
changed, we obtain 

1 3 2 4 5 
"1 1 0" 
111 



B (R) = 



Hence, we have M F [B(R)} ~ M F [B' (R)} and M F [B(R)} 
B{R) and B (R) are F— representation for M 



M F [B"{R)], that is, 



What is the relationship between the matrix representation of a equivalence relation 
and the matroid induced by equivalence relation? Dose the matroid is the vector ma- 
troid induced by the matrix? As we know, the vector matroid is defined by the linear 
independence of the columns of a matrix in vector space and the linear independence 
of columns of a matrix has closely relation to field. The field is different, the vector 
matroid may different. The following proposition studies the relation between B(R) 
and M(R) over a field F from the viewpoint of circuit firstly. 

Proposition 3. Let R be an equivalence relation on U and B{R) a matrix representa- 
tion of R over F. C(M(R)) = C(M F [B(R)}). 

Proof. Let U = {x\, X2, ■•• , x n } and B(R) — [(3i, /3 2 , • • • , j3 n ] be labeled, in order, 
by X\,X2, • • • ,x n . In order to prove C(M(R)) — C(M F [B(R)}), we need to prove 
only C(M(R)) = Min{X C U : The columns of B(R) labeled by X are linearly 
dependent in V(n, F)}. Suppose U/R = {Pi,P 2 , ■■■ , P s }- V{x 4 ,x 3 } G C(M(R)), 
there exists Pk G U/R such that {xi,Xj} C P k . Base on the definition of B(R), 
we know that j3i — /3j. Thus f3i and f3j are linearly dependent in V(n,F), that is, 
C(M(R)) C {X C U : The columns of B(R) labeled by X are linearly dependent in 
V(n, F)j. For all X G { X C U : The columns of B(R) labeled by X are linearly 
dependent in V(n, F) }, then X is an dependent set in M(R)\ otherwise, X dose not 
contain circuits, that is, the columns of B{R) labeled by X are different and they has a 
identity matrix as their submatrix. Hence the columns of B{R) labeled by X are linearly 
independent in V(n,F). That implies contradictory. Hence, C(M(R)) — Min{X C 
U : The columns of B(R) labeled by X are linearly dependent in V(n, F)}, that is, 
C(M(R))=C(M F [B(R)}). 



As we know, a circuit decides only one matroid, then we can obtain the follow- 
ing theorem. In fact, the theorem indicates that M (R) is F-representable matroid, and 
B(R) is a F-representation for M(R). 

Theorem 1. Let R be an equivalence relation on U. AI(R) = Mp[B(R)]. 

Proof. Base on the circuit axiom and Proposition^ we obtain the result. 

As we know, the common filed is finite field or Galois field which is a field that 
contains a finite number of elements. The following definition introduces the concept 
of binary field. 

Definition 11. j |27l/ Let GF — {0, 1}. If the operations of GF is defined in Table 1, 
then (GF, +, •) is called binary field and we denote it as GF{2). 



Table 1. Operations of GF 



+ 





1 







1 








1 











1 


1 





1 





1 



GF(2) is a special field, thus it is not difficult for us to obtain the following corol- 
lary. 



Corollary 1. Let R be an equivalence relation on U. M(R) = Mqf{2) [B{R)}- 

The matroid induced by an equivalence relation by the approach in the paper is a 
vector matroid induced by B(R) over a field because of the particularity of the equiva- 
lence relation. However, in many cases, the vector matroids induced by the same matrix 
over different field may not be the same. The example below illustrates this viewpoint. 



Example 3. Suppose A is a matrix as follows: 



A = 



10 110 
10 10 1 
10 11 



We may as well suppose A = {oti, ce2, as, a^, as, a^}. Because det([a.4, as, as]) = 
—2^0 over real number field but det([a4, a.5, ae]) = over GF(2), then 0:4, as, ae 
over real number field are linearly independent, and they are linearly dependent over 
GF{2). 



3 Matrix null space approach to rough sets over a field 



In this section, we use a matrix approach, namely, null space, to study rough sets. A 
F-representable matroid is defined by the linear relativity, over the F, of the columns 
of a F-representation for the matroid, while null space has closely relation to linear 
relativity of vectors. This inspire us to introduce null space to study rough sets over a 
field. We find that the circuits of a F-representable matroid has closely relation to the 
null space of a F-representation for the matroid. Inspired by the null space, we also 
introduce the other space which has closely relationship to the base of a matroid to 
study rough sets. First of all, we propose an operator to connect vectors with classical 
sets. 

Definition 12. Let U = {x\, X2, • • • , x n }- We define a mapping 9 : V(n, F) — > 2 U as 
follows: for all v = (v\,V2, ■ • • , v n ) T G V(n, F), 9(v) — {xi € U : Vi ^ 0, 1 < i < 
n}. 

As we know, a F-representable matroid is defined by the collection of subset X of 
U such that the columns of a ^-representation for the matroid labeled by X are linearly 
independent in V(n,F). According to the characteristic of the null space, it is natural 
for us to connect the dependent set of a F-representable matroid with the null space of 
a ^-representation for the matroid. 

Proposition 4. Let A be an m x n matrix over F and M be a matroid. If M = Mp [A], 
then {6{N{A)) - 0} C V{M). 

Proof. We may as well suppose A = [I r \D] = [ai, aa, • • • , a n ), where r = r(M). 
And the columns of A be labeled, in order, by a\, da, • • ■ , a n . If r = n, then A = I n , 
where I n is the n x n identity matrix. Thus D(M) = and {0(x) — : Ax = 0} = 
0. Hence we obtain the result. If r < n, then {0(x) — : Ax = 0} ^ 0. For all 
D e 8{N(A)) - 0, there exists x G V{n, F) - such that Ax = and 0(x) = D. 
Suppose Xi ± ,Xi 2 , ■■■ ,Xi s (s > 1) are non-zero components of x, respectively. Then 
D = 9(x) = {a it , a i2 , ■ ■ ■ ,a it }. Thus = Ax = Yh=i x i a * = Yfj=\ x h a H > that is > 
the column vectors labeled by D are linearly dependent over F. Hence, 9(J\f(A)) — C 
V{M). 

Conversely, the dependent set of M p [A] may not be in 9(J\f(A)) — 0. The following 
example illustrates that viewpoint. 

Example 4. Let us revisit Example[2] We may as well suppose B(R) = [f3±, 02, /?3, Pa, 
fe] which the columns are labeled, in order, by 1,2,3,4,5. It is easy to check that 
Pi, 02, Pi are linearly dependentin l/(n, GF(2)), that is, {1,2,4} G V(M GF{2) [B(R)}) 
Suppose x = (1, 1, 0, 1, 0) T . We know that {1, 2, 4} = 6>(x), but B(R)x = (1, 0) T ^ 
0. Thus {1,2, 4} i 9{M{A)) - 0. 

We try to reduce the elements of 9(J\f(A)) — 0, and it is interesting to find that 
the set of circuits of a F- representable matroid is just the minimal null space of a F- 
representation for the matroid. 



Theorem 2. Let A be an m x n matrix over F and M be a matroid. If M — Mp[A], 
then C(M) = Min{{e(N(A)) - 0}). 

Proof. Suppose A — [I r \D\ — [a\, a.2, • ■ • , oe n ] be labeled, in order, by cti, a 2 , ■ ■ • ,a n 
where r — tm- If r = n, then {9(x) — : Ax = 0} = and C(M) = 0. Thus we obtain 
the result. We may as well suppose r < n and C — {a^ , <Zj 2 , • - • , a,i s } is a circuit of M, 
where s < n. Then for some elements k ix , k i2 , • • • , k is of F which all are not equal to 

zero, wehaveO = fc^a^+fc^a^H \-k it a it = Y,j=i k ij a ij +J2t^i J ,i< J <s 

1 x . where x = (xi, X2, • • • , x n ) T , and x p = hi. if and only if p = ij, 1 < j < s. 
Since C g C(M), h 3 ^ for all j £ {1, 2, • • • , s}; otherwise, 6»(x) C C and 6>(x) 
is a dependent set of M for the columns of A labeled by 0(x) are linearly dependent 
in V[n, F). Then there exists Ci G C(M) such that d C 6*(x) C C. According to 
the circuit axiom, we can obtain the contradictory. Hence, #(x) = C, that is, C £ 
{6(J\f(A)) - 0}. Thus C(M) C {0(Af(A)) - 0}. In order to complete the proof, we 
need to prove that for all D £ {9(Af(A)) - 0}, we have D e V{M). According to 
PropositionHJ we obtain the result. 

As we know, a F-representable matroid may not be has only one F-representation. 
However, Theorem|2]indicates that the minimal null spaces of these F-representations 
are unique. Before to present the accurately expression of the null space of a F-represen- 
tation for a F-representable matroid, we introduce an important result of linear algebra 
first. 

Lemma 1. H27V Let Abe anmxn matrix over F andV(n, F) a n— dimensional vector 
space over F. A(ki/3 + k2"f) = k±A/3 + k2Aj for all k±, feff and /3, 7 £ V(n, F). 

Proposition 5. Let A be an m x n matrix over F and M be a matroid. If M — Mp [A], 
then {6(Af(A)) — 0} = {X C.U : X is a disjoint union of some elements of C(M)}. 

Proof. For all X e {X C U : X is a disjoint union of some elements of C(M)}, 
we may as well suppose Ci, C%, ■ ■ ■ ,Ct E C(M) are disjoint circuits such that X = 
{Jl =1 Ci. Assume Xj E V(n, F) (1 < i < f) such that Cj = 6(xi). According to 
Theorem|2j we know Ax,; = 0. Thus we have X = #(Xa=i x i) an d ^.(Si=i x i) = 
Yj\=i = 0- Hence, X £ {6>(x) - : Ax = 0}, that is, {X C [/ : X is a disjoint 
union of some elements of C(M)} C {6»(A/"(A)) - 0}. For all X E {6»(A/"(A)) - 0}, 
there exists x / such that X = 9(x) and Ax = 0. According to Proposition |4] we 
know X is a dependent set of M. Then there exists C\ E C(Af) such that C\ C X. 
We may as well suppose xi E V(n, F) such that S(xi) = C\. If X — C\ =0, then 
we complete the proof. If X — C\ ^ 0, then X — C\ is a dependent set of M because 
A(x - xi) = Ax - Axi =0-0 = 0. Similarly, there exists C 2 E C{M) such that 
C 2 C X - d. Suppose x 2 E V(n, F) such that C 2 = 6»(x 2 ). If X - C x - C 2 = 0, 
then we complete the proof. If X — C\ — C 2 7^ 0, then X — C% — C 2 is a dependent 
set of M because A(x — xi — x 2 ) = Ax — Axi — Ax 2 = — — = 0. Since X is 
finite, we can find C%, C 2 , • • • ,Ct using the above method such that X = (Ji=i C«- ^ 
is clear that Ci, C 2 , • • • , C t are disjoint sets of C(M). Hence, X E {X C U : X is a 
disjoint union of some elements of C(M)}, that is, 0(A/"(A)) - 0C{XCJ7:Xisa 
disjoint union of some elements of C(M)}. Hence we obtain the result. 



It is natural for us to obtain the following three corollaries based on Proposition [4] 
Theorem|2]and Proposition|5] 

Corollary 2. Let R be an equivalence relation on U and B(R) a matrix representation 
of Rover GF{2). 9{N{B{R))) - C V(M(R)). 

Corollary 3. Let R be an equivalence relation on U and B(R) a matrix representation 
ofR over GF(2). C(M(R)) = Min({0(M(B(R))) - 0}). 

Corollary 4. Let R be an equivalence relation on U and B{R) a matrix representation 
of Rover GF(2). {8{Af{B(R))) - 0} = {X C U : X is a disjoint union of some 
elements of C(M(R))}. 

Inspired by the null space, we introduce the other space, namely, {0(v) : Av = 
1}, to study rough sets. According to the characteristic of B(R), we know the space 
B(R)v = 1 over GF(2) has solutions, and we find the space has closely relation to the 
base of a matroid. 

Theorem 3. Let R be an equivalence relation on U and B{R) a matrix representation 
of Rover GF{2). B(M(R)) = Mm({0(v) : B(R)v = 1}). 

Proof LetU = { Xl ,x 2 ,--- , x n } and U/R = {Pi, P 2 , •• ■ ,P S } and B{R) = {fa, fa, 
• ■ ■ , (3 n ) which the columns are labeled, in order, by xx, x-z, ■ • • ,x n . We know that 
s < n. For all B £ B(M(R)), since M(R) = M GF{2) ([B{R)]), we have B e 
B(M GF (2){[B(R)]). According to the definition of matrix B(R) and the fact that R is 
an equivalence relation, then r(B(R)) ~ s. We may as well suppose B = {xi 1 ,Xi 2 ,--- , 
Xi B }, then Xi . € Pj, where j £ {1, 2, • • • , s}; otherwise, we may as well suppose there 
exist Xi 1 and Xi 2 such that x^ , Xi 2 € P\, then (3i 1 — (3i 2 . Thus f3i 1 and f3i 2 are linearly 
dependent in V(n, GF(2)), which makes the columns labeled by B are linearly depen- 
dent in V(n, GF{2)). That contradicts B € B(M([P(P)]).Letv = (v 1 ,v 2 ,--- ,v n ) T , 
where i>j = 1 if and only if xi e B. Then #(v) = B. According to the definition of 
B(R), we know B(R)v = 1. Thus B(M (R)) C {0(v) : B(R)v = 1}. Next, we prove 
the minimality of B. If B is not a minimal set of {6(v) : B(R)v = 1}, then there exists 
Bi S Min{6{v) - : B(R)v = 1} such that B 1 C B. However, for all x h £ B, 
B — {xi } ^ {^(v) : B(R)v = 1} over GF(2) which implies contradictory. Hence, 
we have B(M(R)) = Min({0(v) : B(R)v = 1}). 

As we know, for a F-representable matroid, any independent set / is defined by the 
linear independence of columns, labeled by /, of a F-representation for the matroid. 
The following proposition establishes another representation of the independent set over 
binary field. 

Proposition 6. Let R be an equivalence relation on U and B{R) a matrix representa- 
tion ofR over GF{2). 2(M(R)) = Low(Min({0(v) : B(R)v = 1})). 

In fact, the space proposed in above proposition has closely relationship to rough 
sets. 



Proposition 7. Let R be an equivalence relation on U and B(R) a matrix representa- 
tion ofR over GF{2). {0(v) : B(R)v = 1} C {X : R*(X) = U}. 



Proof. Suppose U = {xi, x%, • • • , x n } and U/R = {Pi, P2, • • • , P s } and B(R) = 
[Pi, 02, ■ ■ ■ , P n ] which the columns are labeled, in order, by x\, x%, ■ ■ • ,x n . For all 
X G {#(v) : B(R)v = 1}, we may as well suppose X = {xi x ,Xi 2 , ■ ■■ ,Xi t } and 

v G V(n, GF(2)) such that 0(v) = X. Then we can obtain p il + /3 i2 H h /3 it = 

1 which implies that for all j G {1, 2, • • • , s}, there are odd number of vectors of 
{Pi 1 , Pi 2 , • ■ • , Pi t } such that the jth of it has non-zero element. According to the defi- 
nition of B{R), then X f| P t ^ for all i G {1, 2, ■ • • , s}, that is, R*(X) = U. Thus 
XC{I: R*(X) = U}, that is, {6>(v) : P(P)v) = 1} C {X : R*(X) = U}. 

However, for all X C U, 0(X) may not satisfy B(R)0(X) = 1 over binary field. 

Example 5. Let us revisit Example 2. Suppose X — {1,2,3}. Then v = (1,1,1, 0, 0) T 
and 6>(v) = X. It is clear that R*(X) = U, but P(P)v = fi x + /3 2 + h = (0, 1) T . 
Hence {X : R*(X) = U} {0(v) : B(R)v) = 1}. 

The following proposition connects the base of the matroid induced by an equiva- 
lence relation with a subset of universe of discourse which the approximation of the set 
is equal to the universe of discourse. 

Proposition8. Let R be an equivalence relation on U. B[M{R)) = Min({X : 
R*(X) = U}). 

Proof. Suppose U — {xi, X2, ■ ■ • , x n } and U/R = {Pi, P2, • ■ ■ , P s }(s < n). Ac- 
cording to Theorem [3] and Proposition [71 we know B(M(R)) C Min({X C U : 
R*(X) = U}). For all B G Min{{X C U : R*(X) = U}), we know B = 
{bi, 62, • • • , b s } and bi G Pi for all i G {1, 2, • • • , s} according to the minimality 
of B. Similar to the proof of Theorem[3] we know B G Min({9(\r) : B(R)v = 1}), 
that is, B G B(M (R)). Hence we prove the result. 

The proposition below presents another form of the independent set of the matroid 
induced by an equivalence relation. 

Proposition 9. Let R be an equivalence relation on U. I(M(R)) — Low(Min({X : 
R*(X) = U})). 

The equivalent characterization of the independent set of the matroid induced by 
equivalence relation lay the sound foundation for us to study rough sets by matrix ap- 
proaches. 

4 Rough sets constructed by matrix null space over binary field 

In this section, we study how to construct an equivalence relation by matrix null 
space over binary field. It is interesting to find that there is an one-to-one correspon- 
dence between the equivalence relations and the minimal null space of matrices which 
defined in this section. First, we define a relation by the null space of matrix over binary 
field. 

Definition 13. Let A be an m x n matrix over F. One can define a relation R(A) on 
U as follows: for all Xi,Xj G U, 



(xi, Xj) £ R(A) <^> Xi — Xj or e, + ej £ Af(A), 
where Bi,&j £ V(n,F) and 9(ei) = {xi} and 0(ej) = {xj}. 

Example 6. B(R) is shown in Example 2 and F = GF(2), then we know U — 
{1, 2, 3, 4, 5}. For Xi, Xj £ U, if Xi = Xj, then (xi, Xj) £ R, thus [x^, Xi) £ R for all 
x % £U.ei = (1, 0, 0, 0, 0) T and e 3 = (0, 0, 1, 0, 0) T , then 0(ei) = {xi} and 6»(e 3 ) = 
{x 3 }, moreover, B(R)(e 1 + e 3 ) = 0, that is, ei + e 3 £ Af(B(R)). Hence (1,3) £ 
R(B(R)). Using the same method, we can obtain R(B(R)) = {(1, 1), (2, 2), (3, 3), 
(4, 4), (5, 5), (1, 3), (3, 1), (2, 4), (4, 2), (2, 5), (5, 2), (4, 5), (5, 4)}. 

The relation defined above may not be an equivalence relation over a field, but it is 
an equivalence relation over binary field. 

Proposition 10. Let A = (a,ij) mxn — (c*i,a2, ■ ■ ■ ,ct n ) over GF(2), where for all 
i £ {1, 2, ■ • • , n}, di ^ 0. R(A) is an equivalence relation over GF{2). 

Proof. The reflexivity and symmetry of R(A) are obvious. Now we prove the transi- 
tivity of R(M). \/xi, Xj,Xk £ U, there exist identity vectors e*, e^, £ V(n, GF(2)) 
such that 0(e,-) = {xi}, 9{ef) — {xj} and 0(ek) — {x^}- Because = — = 
A(ei+ej)-A(ej+e k ) = Ae. t + Aej - Aej - Ae k = Ae. t -Ae k = Aei + A(-e k ) = 
Aei + Ae k = A(&i + e k ), then + £ Af(A). Hence we can obtain the result that 
if XiRxj and XjRx k , then XiRxj. 

The relation of two elements x, y defined in definition [T3l is defined through the 
linear relativity of the columns, labeled by x and y, respectively, of a given matrix over 
a field. Hence, it is not difficult for us to obtain the following proposition. 

Proposition 11. Let A\ and Ai be two matrices which do not contain zero columns 
overGF{2). //M Gi r (2) [Ai] = M GF(2) [A 2 ], then R{A X ) = R{A 2 ). 

Proof. Suppose U — {x\,X2, ••• ,x n } and the columns of A\ — {a-y, a 2 , ■ ■ • ,ct n ) 
are, in order, labeled by x 1: x 2 , ■ ■ ■ , x n , so does A 2 = (a 1: a 2 , • • • , a n ). V(xi, Xj) £ 
R{Ai), then x l = x 3 or e 4 + ej £ Af(Ai), where e,, ej £ V(n, GF{2)) and 0(e. t ) = 
{xi} and 6{ef) = {xj}. Thus 0(ei + ej) = {xi,Xj}. According to Proposition |4j 
then { Xl ,xj} £ V{M GF{2) [A 1 }) = V{M GF{2) [A 2 \) for Mgf(2)[Ai] = M GF(2) [A 2 }. 
Thus the columns of A 2 labeled by xt and Xj, respectively, are linearly dependent in 
V(n, GF(2)), that is, = a t + — A 2 (et + ej) because A 2 does not contain zero 
columns. Hence + ej £ J\f(A 2 ), that is, (xi,xf) £ R(A 2 ). That implies R(A±) C 
R{A 2 ). Similarly, we can obtain R(A t ) D R(A 2 ). Thus R(Ai) = R(A 2 ). 

As we know, a F-representation for a F-representable matroid may not be unique, 
so dose GF(2). But Proposition [PTI indicates that the equivalence relations induced by 
different GF(2) -representation for a G.F(2)-representable matroid are the same. Propo- 
sition [T] establishes an approach to induce a matroid from an equivalence relation and 
we know the matroid is G.F(2)-representable. Over binary field, what is the relationship 
between the equivalence relation induced by the null space of a GF(2)-representation 
for the matroid and the original equivalence relation? 



Proposition 12. Let R be an equivalence relation on U. If M(R) — M GF t 2 \ \A(R)], 
then R(A(R)) = R. 

Proof. Let U = {x\, X2, ■ ■ • , x n }. Since for all i G {1, 2, • • • , n}, {x^} is an inde- 
pendent set of M{R). Thus A(R) dose not contain zero columns. For all (xi,Xj) G 
R(A(R)), then x { = xj or + e 3 - G Af(A(R)), where e^e, G F(n,GF(2)) and 
0(ei) = {xi} and 6{ef) = {xj}. If = Xj, then G R for P is an equiva- 

lence relation. If Xi ^ Xj, then + ej G A/"(A(i?)). According to Proposition |4] then 
0(ei + ej) = {xi, Xj} G T>(M(R)). But {x{\ or {x^} is an independent set of M (R). 
Thus {xi,Xj} G C(M(P)), that is, there exists P G P/P such that {aj^aij} £ P 
which implies (2^,2^) 6 P. Conversely, V(xi,Xj) G P, then there exists P G U/R 
such that {^ijXj} G P, that is, {xi,a;j} G C(M(R)). According to Theorem|2] then 
e; + ej G M{A{R)), that is, (x^Xj) G R(A(R)). Thus R(A{R)) = P. 

Since matrix P(P) is a GP (2)-representation for the matroid induced by an equiv- 
alence relation, then we can obtain the following corollary. 

Corollary 5. Let R be an equivalence relation and B{R) the matrix representation of 
R. P(P(P)) = R holds over binary field. 

In fact, there has closely relationship between the equivalence relation and the null 
space of a matrix. So we first define a special type of matrix. 

Definition 14. Let F be afield and A = (<xy) m xn — i a ii a 2, • • • 5 ct n ). If A satisfies 
the following conditions: 

(1) for alii G {1, 2, • • • ,n}, a t / 0, 

(2) for all k G {2, ■ • • , n}, if rp(ai 1 , ai 2 , • ■ • , oti k ) < k, then there exists {cti p , oti q } C 
{a^ , cti 2 , • ■ ■ , ai k } such that rp (m p ,ai q ) < 2, 

then A is called binary dependence matrix and we denote the set of this matrices as A. 

The following proposition establishes that a matrix representation of an equivalence 
relation, namely, P(P), is a binary dependence matrix. 

Proposition 13. Let R be an equivalence relation on U and B{R) = (bij) sxn the 
matrix representation of R. B{R) G A. 

Proof. Suppose U = {x\, X2, • ■ ■ , x n } and U/R — {Pi, P2, • • • , P s } and the columns 
of P(P) = [Pi, 02, ■ ■ • , f3 n ] which labeled, in order, by Xi,x 2 , ■ ■ ■ , x n . According to 
the definition of P(P), we know f3 t ^ for all * G {1, 2, • • • , n}. Since M (P) = 
M F [B(R)\, for all k > 2, if f3 il , f3 i2 , ■ ■ • , (3 ik are linearly dependent over P, then 
{x, L1 ,x i2 ,--- ,x tk ] G D(M (P)). Thus there exists C G C(M(P)) such that C C 
{xi 1 , Xi 2 , • • ■ , Xi k }. According to Proposition!]] we ma y as we ll suppose C = {xi , Xi } 
and there exists Pfe G P/P such that Xi ,Xi q G Pfe. According to the definition of 
P(P), we know ft p = ^ , that is, ^ , /3j are linearly dependent over P . 

If we first convert a matrix into an equivalence relation, then covert the equiva- 
lence relation into a matrix, the minimal null space of the second conversion is the 
reverse of the minimal null space of the first conversion. In other word, for a ma- 
trix A G A, we can induce an equivalence relation R(A) from A using the method 



of Definition [13] over binary field, and then induce a matroid M(R(A)) from R(A) 
through the method of Proposition Q] Since the matroid is GF(2)-representable, then 
M(R(A)) = M GF(2 ) [A(R(A))], that is, we obtain the other matrix A(R(A)). And the 
minimal null space of A and the one of A(R(A)) are the same. First, we can obtain the 
following proposition. 

Proposition 14. Let A G AandGF(2) afield. M GF ( 2) [A{R{A))] = M GF (2)[A}. 

Proof. Suppose U = {x\,X2, ■■■ ,x n } and the columns of A are labeled, in order, 
by x 1: x 2 , ■■■ ,x n , so dose A(R(A)). For all C G C{M GF{2) [A(R(A))]), according 
to Proposition Q] we may suppose C = {x^, xj} and there exists Pi G U/R(A) such 
that {xi, Xj} G Pi, that is, (xi,Xj) G R(A). Then for ej, ej G V(n, GF{2)) such that 
0(ej) = {xi} and 0(ej) = {^j}, we have A(ei + ej) = 0, that is, the columns of A 
labeled by xi and Xj are linearly dependent in V(n, GF(2)). Since A € A, A dose 
not contain zero columns, thus the column of A labeled by Xi or Xj is linearly inde- 
pendent in V(n,GF(2)). Hence C G C(M GF(2) [A}), that is, C{M GF[2) [A(R(A))\) C 
C(M Gi T( 2 )[yl]). Conversely, VC G C(M Gi?(2) [yl]), the columns of A labeled by the 
elements of C are linearly dependent in V(n, GF(2)). Since A G A, then there ex- 
ists C\ which has only two elements such that C\ C C. We may as well suppose 
G\ = {xi,Xj }. Since A G A, the column of A labeled by x { or is linearly in- 
dependent in V(n,GF(2)). Thus C\ G C(M GF ( 2 )[^])- Based on circuit axiom and 
Theorem |2] we can obtain C = C x = {^i,^} G Min{0(Af(A)) - 0}, that is, 
e. t + ej G N{A). Hence, (xi,Xj) G R(A), that is, C = {x i: Xj} G C(M(R(A))) = 
C(M Gm [A(R(A))]). Therefore, we obtain C{M GF{2) [A]) C C{M GF(2) [A{R{A))]\ 
that is, M GF(2) [A{R{A))] = M GF(2) [A}. 

The following result is the combination of Theorem[2]and Proposition[T4l 

Proposition 15. Let A G A and GF(2) afield. 

Min{9{N{A{R{A)))) - 0} = Min{9(M(A)) - 0} 

holds over GF(2). 

Next, we define a operator from the set of equivalence relations to the set of minimal 
null spaces of the binary dependence matrices. 

Definition 15. An operator f : M — > Min{6(Af(A)) — 0} is defined as follows: 

f(R) = Min{6(Af(A(R)) - 0}. 

Since there is an one-to-one correspondence between the equivalence relations and 
the 2-matroids, we can obtain the following proposition. 

Proposition 16. Let GF(2) be afield, f is a bijection over GF(2) 

Proof. Since an equivalence relation is the only one that determines a matroid, then 

for all R U R 2 G R and ifr ^ R 2 , M(Ri) = M G p(2)[A(Ri)] # M GF(2) [A{R 2 )] = 
M(R 2 ), that is, C(M(R 1 )) ^ C(M(R 2 ). According to Theorem|2] we have the result 
Min{6(N'(A(R 1 )) - 0} ^ Min{6(Sf(A(R 2 )) - 0}. Hence / is an injection. For any 
Min{e{M{A) - 0}, let R = R(A), then f(R(A)) = Min{d(N(A) - 0}, that is, / is 
a surjection. Therefore, / is a bijection. 



So we construct an one-to-one correspondence between the equivalence relations 
and the minimal null spaces of matrices which defined in Definition [14] Moreover, we 
know there exists an one-to-one correspondence between the equivalence relations and 
2-circuit matroids. In fact, we also construct an one-to-one correspondence between the 
2-circuit matroids and the minimal null spaces of the binary dependence matrixes used 
the way of Theorem [2] 

5 Conclusions 

In this paper, we employed the matrix approaches, namely, null space to study rough 
sets over a field F. The circuits of a F-representable matroid induced by equivalence 
relation have closely relationship to the null space of a F-representation for the matroid. 
We also constructed an one-to-one correspondence between the equivalence relations 
and minimal null spaces of the matrixes defined in the paper. Though some works have 
been studied in this paper, there are also many interesting topics deserving further in- 
vestigation. First, the special properties of a matroid induced by an equivalence relation 
over another field, for example, ternary field. Second, the representability of a matroid 
induced by covering or any binary relation. Nullity has closely relationship with the 
null space, so we also can study rough sets from this viewpoint. 
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